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Abstract. The Frohman Kania-Bartoszynska ideal is an invariant associated 
to a 3-manifold with boundary and a prime p > 5. We give some estimates of 
this ideal. We also calculate this invariant for some 3-manifolds constructed 
by doing surgery on a knot in the complement of another knot. 



Let p = 2(i+l>5bea prime and let 



O ^ 



Z[Cp] if p= -1 (mod 4) , 

1[Cp, i] = Z[C4p] if p = 1 (mod 4) . 

Here and elsewhere, C„ denotes e^^"/". If M is an oriented connected closed 3- 
manifold, define Ip{M) = V {{M))p, where ( )p is the invariant defined in .BHMV| . 
D = {S^)~^ and M is given a pi-structure with cr-invariant zero. Alternatively 
M is given the weight zero [H]. This is the same normalization as in |MR| . For 
example, Ip{S^) — 1. The invariant Ip takes values in O by [CTl IMR| . Here is the 
definition of the Frohman Kania-Bartoszynska ideal invariant, as given in jGM| . 

Definition 1 ( FK ). Given a connected Z-manifold N with boundary, let J^p{N) 
he the ideal in O generated by 

{Ip{AI)\M is a closed connected oriented 3-manifold containing N}. 

In the case p = I (mod 4), we define J^{N) — Jp{N) n Z[Cp]. 

Frohman and Kania-Bartoszynska actually made this definition using the SU (2) 
theory in place of the 50(3) theory used here. If we replace Ip in the above 
definition with l2p (in the sense of IMRp and replace Z[Cp] with Z[C8p], then we 
obtain the ideal invariant of |FK| exactly. They gave some interesting examples 
of punctured 3-manifolds that could not embed in other 3-manifolds, even though 
this is not ruled out by homology or homotopy type. We remark that results for 
punctured 3-manifolds follow immediately from the fact that quantum invariants 
of closed 3-manifolds are multiplicative under connect sum and do not require the 
structure of a TQFT. They were able to show that the ideal invariant, associated to 
a certain Turaev-Viro invariant, was non-trivial for the union of two solid tori glued 
together by identifying neighborhoods of (2, 1) curves on their boundary. This is a 
3-manifold with boundary a torus and first homology Z © Z2. We also recover this 
estimate in Remark 1161 

We note that if p = 1 (mod 4), the ideal Jp{N) is generated by scalars, according 
to Definition^ which are either in Z[Cp] or in i1\C,p\- Thus Jp{N) is generated over 
O by Jp{N). Thus Jp{N) contains the same information as Jp{N). We make the 
following definition so that the ideal we study lies in Z[(^p] in every case. This is 
convenient as Z[(^p] has a simpler ideal structure than Z[i, ^p]. 
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Definition 2. LetIp{N) denote Jp{N) if p = -1 (mod 4), and denote J+[N) if 
p=\ (mod 4). 

The ideal Xp{N) is hard to compute, in general, because the definition involves 
the quantum invariants of infinitely many 3-manifolds. One has the immediate: 

Proposition 3 (jFK|). If Ni embeds in N2, thenIp{N2) Clp{Ni). 

Let M° denote M punctured, i.e. M with an open 3-ball deleted. If M is closed, 
Tp{M°) is the principal ideal generated by Ip{M). This follows from the fact the 
Ip{M) is multiplicative under connected sum. 

If N has connected boundary, Masbaum and the author showed |GM| . Jp{N) 
can be computed from the evaluation of a finite number of explicitly given skein 
elements in S^. Such evaluations can be algorithmically computed using jMVj . 
Similar results could be obtained for N with disconnected boundary. We do not 
explore this here. 

From now on, we let N denote a connected 3-manifold, with a connected bound- 
ary denoted E. We also let h — 1 — Cp- We have that /i^"^ is a unit of Z[^p] times 
p. Let oj' denote the skein element X]f=o^(~l)*[* + 1]^* the Kauffman 

Bracket skein module of x This is, up to multiplication by a unit from O, 
the same as the surgery skein element io of |BHMV| . Below we have modified |GMI 
16.6] shghtly, replacing uo with lu' , and Jp{N) with Ip{N). We also do not require 
that the complement of _ff be a handlebody. 

Theorem 4 ( GM ). Suppose N is presented as surgery on a link L in the com- 
plement of a handlebody H in S^. Pick a lollipop tree G for H. 1p[N) is the 1\C,p\ 
ideal generated by the evaluation of the dim(T^(S)) skein elements given by coloring 
L by u}' and putting in a neighborhood of G the basis elements described in \(.iM.\ 
for Sp{—T,) indexed by small colorings ofG. 

Since is a Dedekind domain, we have unique factorization of ideals. 

Definition 5. If ) is a nonzero ideal in Z[^p], let Vhii) denote the exponent of (h) 
appearing in the prime factorization of ]. So j = (/»)'''''■'■* 11"=! P**^' ' where pi are 
prime ideals distinct from {h). In this case, let] denote Jl"=i P*^'- V) zero, define 
h'hi]) to be infinite, and] to be zero as well. 

Let Lp = Z[Cp, -]. Using [H p. 180 4F], we have that j = ]LpC^Z[C,p\. We can give 

a similar but somewhat easier formula for Tp{N), than given for Tp{N) in Theorem 
21 This formula does not rely on |GMI IGMWj . It only relies on the variant of the 
[BHMVj -theorv over Kp = 0[^] discussed in [U]. Given a not-necessarily-loUipop 
trivalent spine G for a handlebody H with boundary — S, bases for the Kp-modu\e 
VJ,(— E) = 5p(— S) (g) Kp are given in |BHMVj in terms of p-admissible colorings of 
G. 

Theorem 6. Suppose N is presented as surgery on a link L in the complement of 
a handlebody H in . Let G be a trivalent spine of H . Then ip{N) = fl where n 
is the ^[Cp] ideal generated by the evaluations of the dim(V^(— E)) skein elements 
given by coloring L by'^'^^Q{—iy[i + l]ei and the p- admissible colorings of G which 
comprise some basis o/V^(— E). 

Proof. Jp{N)Kp is nKp by the same proof as jGMI 16.6], but using V^(E) in place 
of iSp(E), and X]iLo^(~l)*[^ + i'^ place of to, as they are the same in Kp up 
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to multiplication by a unit of Kp. It then follows that Tp{N)Lp is nLp. Thus 
ip{N) = n □ 

In j(4M| . X5 of a family of homology circles (with torus boundaries) is computed 
using Theorem 21 For an infinite subfamily of these, it follows that they cannot 
embed in S^. For this non-embedding result, X5 , calculated using Theorem (BJ 
suffices. We consider below further examples calculated via Theorem^ below. But 
first we discuss some more general results. 

Theorem 7. Let S be the boundary of N. We have that: dim{Hi{N,'Iip)) > 
genus(I]). //dim(ffi(7V,Zp)) = genus(E), thenvh{Ip{N) = 0. //dim(i7i(7V, Zp)) > 
genus(S), Vh{Ip{N) >d~l. Moreover 

MMN) > ^(dim(ifi(Ar,Zp) - genus(S)). 

Proof. By duality, the kernel of the map induced by inclusion: j : iJi(E,Zp) — > 
Hi{N,Zp) has dimension genus(S). See the argument in proof of [Q Lemma 8.15] 
for example. Thus the image of this map has image of dimension genus(S). 

Now suppose that genus(E) = dim(iJi(iV, Zp)). Then we may pick a simple 
closed curve a which represents an element of the kernel of j above. If we attach 
a handle to N along a to form a new 3-manifold N' with boundary S', we find 
that genus(S') = dim(iJi(A^', Zp)), but genus(S') = genus(E) — 1. Repeating this 
process, we reach a Zp-homology ball with boundary a 2-sphere. Capping this off 
with a 3-ball, we obtain a Zp-homology sphere M which contains N. By [M], h 
does not divide Ip{M), and so VhiTp{N)) = 0. 

Suppose N embeds in M . As the image of the map induced by inclusion from 
i?i(E, Zp) to Hi{N, Zp) has dimension genus{E), using the Mayer- Vietoris sequence 

iIi(E, Zp) ^ Hi{N, Zp) ®HiiM\ Int(iV), Zp) ^ Hi{M, Zp) ^ 0, 

we see that 

dim(iJi(M, Zp)) > dim{Hi{N, Zp)) - genus(S). 
If dim(iJi(A^, Zp)) > genus(S), then any 3-manifold M containing has 
Hi{M,Zp) ^ 0. By TM", Thm 4.3], h"^-^ divides Ip{M). 

The final result also follows in the same way from )CMI Thm 4.3]. □ 

The cut number of N , denoted c{N), is the maximal number of closed surfaces 
that one can remove from the interior of N without disconnecting N. Using jGMI 
Theorem 15.1] we also have, 

Theorem 8. Vh(Ip{N) >{d~-l) c{N). 

We wish to study Xp of 3-manifolds obtained by the following simple construction. 
We start with ordered link L of two components K and J in S^. We consider Lk, 
the result of surgery to the exterior of J along K with framing k. 

Lemma 9. We have that Hi{Lk) ~ Z©Zgcd(fc,Lk(j.A:))j where we interpret Zq as Z, 
and Zi as the trivial group. So dim(_ffi(Lfe, Zp)) > 1 if and only if 
gcd(p, fc,Lk(J, a:)) 7^ 1. Thus Vh{Ip{Lk) > d - I if and only if Vh{Ip{Lk) > 
if and only i/ gcd(fc, Lk( J, if),p) 7^ 1. 

Proof. Hi{S^ \ J \ K) is free abelian on the meridians m(J) and m{K) of J and 
K. The fiUing along K adds the relation Lk( J, K) m{J) + k m{K) = 0. Then we 
apply Theorem [3 □ 
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In view of this lemma, we make the fohowing: 

Definition 10. Let L be a link with 2-components J and K as above. If p does 
not divide gcd(fc, Lk( J, if)), andXp{L]^) = (1), we say Tp{L}~) is large. If p divides 
gcd{k,Lk{J, K)), and Tp{Lk) = {h'^^^), we also say Tp{Lk) is large. Otherwise we 
say that Xp{Lk) is small. 

When K is unknotted, we do not need Theorem 0| to calculate Xp{L}^) as the 
following theorem demonstrates. We remark that, if J is unknotted, we may change 
L by performing some full twists on the exterior of J. Let L[s) denote the result of 
applying s twists. Then Lk is homeomorphic to L{s)}:^s{Ul{j,k)) ■ Thus the following 
theorem also holds for links obtained from links where J and K are trivial by 
twisting around J as described above. 

Theorem 11. If L is a link of two components with K unknotted, then Xp{Li^) is 
large for all p. 

Proof. Since K is unknotted, embeds in the lens space L{k, 1) if fc 7^ and in 
51 X 5Mf fc = 0. 

To say p does not divide gcd(/c, Lk( J, K)) is to say p does not divide k or to say 
p does divide k but does not divide Lk(J, K). 

Suppose first that p does not divide k, then we have that Ip{L(k, 1)) is a unit of 
Z[Cp]. This follows from jRal Theoreme 1] and jMOOL CoroUary 4.8]. This implies 
that Ip{Lk) = (1) 

Now suppose p does divide k. As x 5^ is obtained by 0-framed surgery on 
the unknot, and Lp(L{k, 1)) is obtained by surgery on this same framed knot after 
inserting a multiple of p twists, it follows that Ip{L{k, 1)) , Ip{S^ x S*^) and h'^~^ 
all differ only by a factors which are units from O. Thus Ip{Lk) D [h'^^^). 

If we suppose that p does not divide Lk( J, K), then gcd(p. A;, Lk( J, K)) = 1, and 
so by Lemma El Vh{Tp{Lk)) — 0. This together with lp{Lk) D [h'^^^) (which we 
know assuming that p does divide k) implies that Tp{Lk) = (1). 

Now suppose that p divides gcd{k,Lk{J, K)). As p divides fc, Ip{Lk) D {W^^^). 
As gcd(p, k, Lk( J, K)) ^ 1, by LemmaEl Tp{Lk) C Qi"^-^). □ 

Let K{k) denote /c-framed surgery to along K. By a similar proof, we have: 

Theorem 12. If Ip{K{k)) is a unit, then p does not divide k and Jp{Lk) is large. 
If Ip{K{k)) is up to units h'^~^ and p divides Lk(J, i^T), then p does divide k and 
1p{Lk) is large. 

Proposition 13. Ip{Lk) = Ip{Lp+k) 

Proof. Changing the framing of if by p leaves each term in the expansion of a 
generator for the ideal the same since changing the framing of a strand colored i 
multiplies an evaluation by a pth. root of unity. □ 

By Theorem 0] we have: 

(1) MLk) = ({< Kit^'uj') U J{v') > |0 < s < - 1}) , 

where we use parenthesis to indicate the ideal generated by a set, K{t''uj) denotes K 
cabled by the skein t'^uj and J(i;*) denotes J cabled by v^. Here we use t to denote 
the full twist map on a solid torus and the map this induces on the skein of the solid 
torus and v denotes the skein element of the solid torus defined in jGMWI IGM | . 
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This is the formula we use below but we obtain another interesting formula if we 
use instead the uo basis for Sp of a torus jBHMV| : {t'wjO < s < d — 1}. 

(2) Jp(Lfe) = ({< K{t^uj) U J{t'oj) > |0 < s < - 1}) , 

Let Lk,s denote the result of fc-framed surgery along K and s-framed surgery along 
J. Equation 12 says that Jp{Lk) is generated by 

{Ip[Lk,s)\Q<s<d^l} 

As the Lk^s clearly include L^, in this case, Jp{Lk), the ideal generated by Ip of all 
closed 3- manifolds containing L^, is actually generated by Ip of exactly d of them. 

We used Bar-Natan's Knot Atlas ^ to look for links L in Thistlethwaite's list 
of prime links with low crossing number with T^^Lk) small for some k. There is no 
reason to restrict oneself to considering prime links here, but it is convenient to use 
this list. We checked all links with two components and with up to nine crossings. 
In this range, all the links have at most one knotted component, and we took K to 
be this component. We also used Bar-Natan's mathematica package KnotTheory 
[B] to help calculate X^{Lk). 




Figure 1. L9a6 as drawn by Redelmeier's DrawPD command [B] 



Many links were guaranteed to have large ideals by Theorem II II either because 
both components were unknotted or because one component was unknotted and by 
twisting about this unknotted component, one could unknot the other component. 
There were many other other links that did not fit this criterion but nevertheless 
for which we calculated that X5{Lk) were large using Theorem 0] i.e. Equation 
n The only small X^^Lk) that we found among the prime two component links 
with nine or less crossings are listed in following table. The knots K are denoted 
as in Rolfsen's table. The actual ambient orientation of L is that encoded by the 
PD code in Bar-Natan's package. Linking number refers to the absolute value of 
the linking number of the two components of L. Note that since ZfCs] is a FID, 
1b{Lk) is necessarily principal. Small ideals appear to be rare among 3-manifolds 
constructed in this way from prime links with low crossing number, but they do 
occur. The fourth line describes the example given in |GMI 16.7,16.8]. Reading the 
first line for instance, we get Example 1 141 The other lines lead to similar examples. 
Similar data from a search through prime links with less than 12 crossings can be 
found at the author's homepage. 
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L 


K 


k 


generator of 


norm of 
generator 


linking 
number 


Lfc is a 
homology 


L9a6 


5i 


5n 


1 - 2 C5' 


31 


2 


if n odd 


L9a7 


52 


5n+l 


1 + 2 C5' 


11 


2 


if n even 


L9all 


4i 


5n+l 


1 + 2 C5 


11 


2 


if n even 


L9al2 


5i 


5n 


1 + 2 Cs' 


11 


2 


if n odd 


L9al5 


52 


5n+4 


1 + 2 Cs' 


11 





if n= -1 


L9al7 


3i 


5n+3 


1 + 2 Cs' 


11 





never 


L9a23 


3i 


5n+3 


1 + 2 C5' 


11 


3 


if n 7^ mod 3 


L9a23 


3i 


5n+4 


1 + 2 C5 


11 


3 


if n 7^ 1 mod 3 



Example 14. Let L he the alternating link pictured in Figure 01 Let K he the 

knotted component, and J the unknotted component. J^5{Lk) is trivial unless k = 
(mod 5). J^h{L^n) = (1 ~ 2^5 ). This is non-trivial as the norm of 1 — 2^5 is 31. 
Thus Ip{L^n) does not embed in any closed Z-maniJold M (like the 3-sphere) for 
which I^{M) is not divisible by 1 — IC,^"^ . If n is odd, L^n is a homology circle. 

We remark that finitely generated projective modules S'2p(S) over Z[C8)9]j anal- 
ogous to Sp(ll), but associated to the SU(2) theory are defined in §5]. If one 
could find an explicit finite set of generators for 5*2^(2), one could give an algorithm, 
as above, to calculate the original Frohman Kania-Bartoszynska ideal. As BHMV] 
describes a basis for V2j,(S) defined over Z[C8p, one can give such a formula for 
the Z[C8p, ^]-ideal generated by l2p of all closed oriented 3-manifolds containing 
N . Subsequent to the first version of this paper, Qazaqzeh [Qj has found a basis 
for 5*2;, (torus) and has used it to study the original Frohman Kania-Bartoszynska 
ideal. 

We can already calculate some of the ideals estimated/ discussed in |FK| . Let 
T-i{M) denote the quantum invariant considered by Kirby and Melvin and de- 
noted by them in this way. It takes values in ^[Cg] according to |KMI 6.3]. Let 
J{N, Ta) denote the Z[C8]-ideal generated by the set {t3(M)|M is a closed oriented 
3-manifold containing N}. Let J{N,TV'i) denote the Z[-\/2]-ideal generated by the 
set {t^{M) •T3(Af)|M is a closed oriented 3-manifold containing N}. The ideals ob- 
tained from J{N,T3) and J{N,TV'i) by extending rings to 1[C2i] are denoted by 
h{,N) and h'^^ {N) in |fT<] . 

Proposition 15. Let L be a two component link. If the linking number is odd, 
then J^{Lk,T^) = '^[Ca] ^m^*^ 'JiLkjTV^) — Z[a/2]. These equalities also hold if the 
linking number is even and k is odd. If the linking number is even and k = 
(mod 4), then J{Lk,Tz) = {^2) C Z[C8] and J{Lk,TVi) = (2) C Z[V2]. // the 
linking number is even and k = 2 (mod 4), then J^{Lk,T^) — (0) C Z[C8] and 
JiLk,TV3) - (0) CZ[V2]. 

Proof. If the linking number is odd, consider M obtained from by doing 0- 
framed surgery along J and fc-framed surgery along K. By [KML 6.1] t^^M) = 1. 
If the linking number is even, consider M obtained by doing 1-framed surgery on 
J and the given surgery on K. If k is odd, we again obtain T3{M) = 1. If fc = 
(mod 4), |KM1 6.1] we have that T3(M) = V2, up to units. Consult [KMl 6.3] to 
see only possible values for any M are multiples of -\/2. 
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For the last case, any 3-manifold containing Lk can be obtained by fc-framed 
surgery along K and together with some integral surgery along a link contained in 
a tubular neighborhood of J. These extra components must link K an even number 
of times. As fc = 2 (mod 4), the Brown invariant associated to the linking matrix 
for this surgery is undefined, and of the result is zero. □ 

Remark 16. Let T(4, 2) denote the (4, 2) torus link. It consists of two unknots 
which link each other twice in a very simple way. We remark that T'(4, 2)o is liome- 
omorphic to the union of two solid tori glued together by identifying neighborhoods 
of (2,1) curves on their boundary. Proposition 1151 confirms the estimate in |FK| 
that/3^^(T(4,2)o)c (2). 
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